Published by Institute of Physics Publishing for SISSA/ISAS Received: April 12, 2004 Accepted: May 12, 2004

Self-dual super–Yang-Mills as a string theory in (x, θ) space

Nathan Berkovits

Instituto de Física Teórica, Universidade Estadual Paulista Rua Pamplona 145, 01405-900, São Paulo, SP, Brasil E-mail: nberkovi@ift.unesp.br

Abstract: Different string theories in twistor space have recently been proposed for describing N = 4 super-Yang-Mills. In this paper, a string theory in (x, θ) space is constructed for self-dual N = 4 super-Yang-Mills. It is hoped that these results will be useful for understanding the twistor-string proposals and their possible relation with the pure spinor formalism of the d = 10 superstring.

Keywords: Superstrings and Heterotic Strings, Extended Supersymmetry.

© SISSA/ISAS 2004 http://jhep.sissa.it/archive/papers/jhep052004034 /jhep052004034 .pdf

Contents

1. Motivation 1

2. Review of open N = 2 string 2

3. String theory for self-dual super–Yang-Mills 3

4. Comparison with pure spinor formalism 5

5. Self-dual super–Yang-Mills vertex operators 7

6. Self-dual super–Yang-Mills tree amplitudes 8

7. Conclusions and speculations 9

1. Motivation

At the present time, the only quantizable description of the superstring in an AdS_5 × S^5 background uses the pure spinor formalism of the superstring [1, 2].^1 When the AdS radius goes to zero, this string theory is conjectured to describe perturbative N = 4 super–Yang- Mills [5]. But because the string theory becomes a strongly coupled sigma model when the AdS radius goes to zero, it has not yet been possible to test this conjecture directly using the pure spinor formalism. Perhaps the integrable currents found in [6] will be useful for connecting the large and small radius limits of the string theory.

Although one cannot yet directly study the small radius limit of the closed superstring in an AdS_5 ×S^5 background, it might be possible to guess the structure of the string theory using the knowledge that it should describe N = 4 d = 4 super–Yang-Mills theory. By analogy with the Gopakumar-Vafa duality [7] where closed strings on the conifold are dual to open strings on S^3 for Chern-Simons theory, one might expect this N = 4 super–Yang- Mills theory to be described by an open string theory.

As was described in unpublished work at Strings 2003 [8], one can construct an open string theory for self-dual N = 4 d = 4 super–Yang-Mills which closely resembles the d = 10 pure spinor formalism. Unlike the recent string theories constructed in twistor space [9],

1Although one can semi-classically describe the superstring in an AdS5 × S^5 background using the covariant Green-Schwarz formalism [3], this description is not fully quantum. Note that even in a flat background, the covariant Green-Schwarz formalism has not yet been used to compute superstring scattering amplitudes. Although the light-cone Green-Schwarz formalism can be quantized in a flat background, there are subtleties with quantizing the light-cone gauge formalism in an AdS background [4].

– 1 – this string theory is constructed in (x, θ) space and only describes the self-dual super– Yang-Mills interactions. However, this string theory contains bosonic spinor worldsheet variables which might be related to the recent twistor-string constructions.

In section 2, the N = 2 string in d = (2, 2) target-space is reviewed using the N = 4 topological description which involves constant bosonic spinors. In section 3, it is shown that these bosonic spinors can be treated as worldsheet variables if the d = 4 target space is supersymmetrized to an N = 4 d = 4 target superspace. In section 4, this string theory is related to a dimensional reduction of the d = 10 pure spinor formalism of the superstring. In sections 5 and 6, vertex operators and scattering amplitudes are computed and shown to correspond to self-dual N = 4 d = 4 super–Yang-Mills. And section 7 contains conclusions and speculations.

2. Review of open N = 2 string

Although no open string theory was known to describe N = 4 d = 4 super–Yang-Mills theory at the time of the Strings 2003 conference, there is an open string theory which describes N = 0 self-dual Yang-Mills theory in d = (2, 2). This string theory is described by the worldsheet action [10, 11, 12, 13] S = ∫ d^2z( 1 2 ∂x^{aȧ} ¯∂x_{aȧ} + η^ȧ ¯∂ψ_ȧ + η̄^ȧ∂ψ̄_ȧ) (2.1)

and the ĉ = 2 N = 2 superconformal generators T = 1 2 ∂x^{aȧ}∂x_{aȧ} + 1 2 (η^ȧ∂ψ_ȧ − ψ^ȧ∂η_ȧ) ,

G^+ = ψ^ȧ∂x_{1ȧ} , G^− = η^ȧ∂x_{2ȧ} , J = η^ȧψ_ȧ , (2.2)

where a and ȧ are independent two-component SL(2, R) indices and (η^ȧ, ψ^ȧ) and (η̄^ȧ, ψ̄^ȧ) are left and right-moving fermions. Physical states in N = 2 string theory are defined as dimension-zero U(1)-neutral primary fields with respect to these generators, and the only physical state is ϕ(x(z)) = e^{ikaȧxaȧ(z)} where k^{aȧ}k_{aȧ} = 0.

Computing the tree-level scattering amplitudes of these physical states, one finds that ϕ(x) satisfies the classical equations of motion [11]

ϵ^{ȧḃ}∂_{1ȧ}(e^{−ϕ}∂_{2ḃ}e^ϕ) = 0 , (2.3)

which describes a self-dual Yang-Mills field in the Yang description. Note that in the Yang description, the self-dual gauge field A_{aȧ} is defined non-covariantly in terms of ϕ as

A_{1ȧ} = 0 , A_{2ȧ} = e^{−ϕ}∂_{2ȧ}e^ϕ , (2.4)

– 2 – which implies that the anti-self-dual field strength

F_{ab} = ϵ^{ȧḃ}(∂_{aȧ}A_{bḃ} − ∂_{bḃ}A_{aȧ} + [A_{aȧ}, A_{bḃ}]) (2.5)

vanishes when ϕ satisfies (2.3).

Although the equation F_{ab} = 0 is manifestly Lorentz covariant, one cannot obtain (2.3) from a covariant action constructed from ϕ. A related problem is that loop amplitudes for ϕ(x) computed using the N = 2 string theory do not correspond to loop amplitudes of self-dual Yang-Mills theory [13].

To make Lorentz invariance manifest, it is useful to construct a set of “small” N = 4 superconformal generators out of the worldsheet variables as [14, 15] T = 1 2 ∂x^{aȧ}∂x_{aȧ} + 1 2 (η^ȧ∂ψ_ȧ − ψ^ȧ∂η_ȧ) ,

G^+ = ψ^ȧ∂x_{1ȧ} , G̃^+ = ψ^ȧ∂x_{2ȧ} , G^− = η^ȧ∂x_{2ȧ} , G̃^− = −η^ȧ∂x_{1ȧ} , J^{++} = ψ^ȧψ_ȧ , J = ψ^ȧη_ȧ , J^{−−} = η^ȧη_ȧ , (2.6)

where “small” means there is an SL(2, R) set of dimension-one currents as opposed to an SO(2, 2) set.

As shown in [15], one can describe this N = 2 string as an “N = 4 topological string” by twisting ψ^ȧ to have spin zero and η^ȧ to have spin one, so that (G^+, G̃^+) have spin one and (G^−, G̃^−) have spin two. Since the stress tensor has zero central charge after twisting, there is no need to introduce super-Virasoro ghosts. Physical states are described by the cohomology of the BRST operator

Q = λ^1 ∫ dzG^+ + λ^2 ∫ dzG̃^+ = λ^a ∫ dzψ^ȧ∂x_{aȧ} (2.7) where (λ^1, λ^2) are constants which parameterize the coset SL(2, R)/GL(1). This is a natural N = 4 generalization of the N = 2 topological string where physical states are described by the cohomology of the BRST operator Q = ∫ dzG^+. One finds that the unique state in the cohomology of (2.7) is

V = λ^aψ^ȧA_{aȧ}(x)

where ϵ^{ȧḃ}(∂_{aȧ}A_{bḃ} − ∂_{bḃ}A_{aȧ}) = 0. So the vertex operator V describes self-dual Yang-Mills in a Lorentz-covariant manner. However, using this N = 4 topological description, tree amplitudes involving V are not manifestly Lorentz covariant and loop amplitudes do not correspond to those of self-dual Yang-Mills theory.

3. String theory for self-dual super–Yang-Mills

The lack of manifest Lorentz covariance is related to the fact that λ^a is a constant parameter and not a worldsheet variable. So to restore Lorentz invariance,^2 one should treat λ^a as a

2Another approach to restoring Lorentz invariance is to introduce Chan-Paton factors which describe different spacetime helicities and imply spacetime supersymmetry [16, 17]. See also [18] for other approaches to restoring Lorentz invariance and supersymmetry.

– 3 – worldsheet variable and define Q = ∫ dzλ^aψ^ȧ∂x_{aȧ} . But since

G^+(y)G̃^+(z) →

J^{++}(y) + J^{++}(z) 2(y − z)^2 , Q^2 is nonvanishing when λ^a is not constant and one needs to modify the BRST charge. One possible modification is Q = ∫ dz(λ^1G^+ + λ^2G̃^+ + eJ^{++} + hJ + ghost terms) = ∫ dz(λ^aψ^ȧ∂x_{aȧ} + eψ^ȧψ_ȧ + fλ^a∂λ_a + h(−λ^aw_a + ψ^ȧη_ȧ + 2fe)) (3.1)

where (w_a, f, g) are the conjugate antighosts for (λ^a, e, h). The Lorentz covariant worldsheet action for these fields is S = ∫ d^2z ( 1 2 ∂x^{aȧ} ¯∂x_{aȧ} +η^ȧ ¯∂ψ_ȧ +w^a ¯∂λ_a +e ¯∂f +g ¯∂h+η̄^ȧ∂ψ̄_ȧ +w̄^a∂λ̄_a +ē∂f̄ +ḡ∂h̄ ) , (3.2)

and the desired effect of the fermionic ghosts (e, f) and (g, h) is to cancel the contribution of the bosonic (w_α, λ^α) ghosts to the BRST cohomology. This is plausible since the h ghost couples in Q to the constraint J = −λ^aw_a + ψ^ȧη_ȧ + 2fe which generates projective transformations of λ^a, and the f ghost couples to the constraint λ^a∂λ_a which fixes λ^2/λ^1 to be constant. However, since J(y)J(z) → 4(y − z)^{−2}, Q^2 = 4 ∫ dz(h∂h) and the theory is anomalous. Fortunately, as will now be shown, this anomaly can be cured by replacing N = 0 self-dual Yang-Mills with N = 4 self-dual super–Yang-Mills.

As shown by Siegel in [16, 19], one can describe self-dual super–Yang-Mills in superspace by extending the x^{aȧ} spacetime variables to (x^{aȧ}, θ^{aj}) superspace variables where j = 1 to N . Note that one does not need to include θ̄^{ȧj̄} variables since the antichiral superspace derivatives ¯∇_ȧ¯_j satisfy the trivial (anti)commutation relations

{ ¯∇_ȧ¯_j , ¯∇_{ḃk̄}} = [ ¯∇_{ḃk̄}, ∇_{aȧ}] = 0

when the theory is self-dual. It will be convenient to combine the (x^{aȧ}, θ^{aj} ) variables into a superspace variable Y^{aJ} = (x^{aȧ}, θ^{aj} ) (3.3)

where J = (j, ȧ) is an OSp(N |2) vector index. The variable Y^{aJ} is defined to transform covariantly under SL(2, R) rotations of the a index and under OSp(N |2) rotations of the J index. Just as (η^ȧ, ψ^ȧ) are the fermionic worldsheet superpartners of x^{aȧ}, one can define (b^j , c^j ) to be the bosonic worldsheet superpartners of θ^{aj}. These worldsheet superpartners of Y^{aJ} can be described in OSp(N , 2) notation as

C^J = (ψ^ȧ, c^j ) , B^J = (η^ȧ, b^j ) . (3.4)

The open string for self-dual super–Yang-Mills will be defined by the worldsheet action S = ∫ d^2z ( 1 2 ∂Y^{aJ} ¯∂Y_{aJ} + B^J ¯∂C_J + w^a ¯∂λ_a + e ¯∂f + g ¯∂h + B̄^J ∂C̄_J + w̄^a∂λ̄_a + ē∂f̄ + ḡ∂h̄ ) , (3.5)

– 4 – the stress tensor T = 1 2 ∂Y^{aJ} ∂Y_{aJ} + B^J ∂C_J + w^a∂λ_a + e∂f + g∂h , (3.6) and the BRST operator Q = ∫ dz(λ^aC^J ∂Y_{aJ} + eC^J C_J + fλ^a∂λ_a + h(−λ^aw_a + C^J B_J + 2fe)) , (3.7)

where the J index is raised and lowered using the OSp(N |2) metric which is symmetric/antisymmetric when J = j/ȧ. Note that the action is invariant under only an SL(2) × OSp(N |2) subgroup of the full superconformal group PSU(2, 2|4). Also note that the kinetic term is^1_2 ∫ d^2z∂Y^{aJ} ¯∂Y_{aJ} =^1_2 ∫ d^2z(∂x^{aȧ} ¯∂x_{aȧ} + ∂θ^{aj} ¯∂θ_{aj} ), so θ^{aj} satisfies the nonholomorphic OPE’s θ^{aj} (y, ȳ)θ^{bk}(z, z̄) → ϵ^{ab}δ^{jk} log |y − z|^2 . One can easily check that J = −λ^aw_a + C^J B_J + 2fe now satisfies the OPE J(y)J(z) → (4 − N )(y − z)^{−2}, so the theory is not anomalous when N = 4.

4. Comparison with pure spinor formalism

To show that the theory described by (3.5), (3.6) and (3.7) describes N = 4 self-dual super–Yang-Mills, it is useful to first review the pure spinor formalism of the superstring in a flat d = 10 background [1]. In a flat d = 10 background, the pure spinor formalism for the superstring is described by the worldsheet action S = ∫ d^2z ( 1 2 ∂x^m ¯∂x_m + p_α ¯∂θ^α + w_α ¯∂λ^α + p̄_α∂θ̄^α + w̄_α∂λ̄^α ) , (4.1)

the stress tensor T = 1 2 ∂x^m∂x_m + p_α∂θ^α + w_α∂λ^α , (4.2)

and the BRST operator Q = ∫ dzλ^αd_α (4.3)

where m = 0 to 9, α = 1 to 16,

d_α = p_α + γ^m_{αβ} ∂x_mθ^β − 1 2 (θγ^m∂θ)(γ_mθ)_α is the Green-Schwarz constraint, and λ^α is a pure spinor satisfying

λ^αγ^m_{αβ} λ^β = 0 .

Massless d = 10 super–Yang-Mills states of the open superstring are described by the unintegrated vertex operator V = λ^αA_α(x, θ) (4.4)

and by the integrated vertex operator U = ∂θ^αA_α(x, θ) + π^mA_m(x, θ) + d_αW^α(x, θ) + 1 2 (wγ^{mn}λ)F_{mn}(x, θ) (4.5)

– 5 – where π^m = ∂x^m + θγ^m∂θ is the supersymmetric momentum, (A_α, A_m) are the spinor and vector gauge superfields satisfying

D_{(α}A_{β)} = γ^m_{αβ} A_m , (4.6)

and W^α and F_{mn} are the spinor and vector field strength superfields. Although there is no b ghost in this formalism, the integrated and unintegrated vertex operators are related to each other by QU = ∂V .

N-point tree amplitudes are computed in the pure spinor formalism by the correlation function A = ⟨V_1(z_1)V_2(z_2)V_3(z_3) ∫ dz_4U_4(z_4) · · · ∫ dz_N U_N (z_N )⟩ (4.7)

on a disk. Since the worldsheet action is quadratic, the only nontrivial aspect of computing this correlation function is the normalization of worldsheet zero modes. The correct normalization is ⟨(λγ^mθ)(λγ^nθ)(λγ^pθ)(θγ_{mnp}θ)⟩ = 1 , (4.8) which is BRST invariant since (λγ^mθ)(λγ^nθ)(λγ^pθ)(θγ_{mnp}θ) is the unique state of ghostnumber three in the BRST cohomology. Recall that in bosonic string theory, c∂c∂^2c is the unique state of ghost-number three in the BRST cohomology and ⟨c∂c∂^2c⟩ = 1 is the correct normalization for zero modes on a disk. Furthermore, one can check that the field theory action S = ⟨V QV + V^3⟩ (4.9)

reproduces the standard d = 10 super–Yang-Mills action if one uses the normalization of (4.8) and the string field V = λ^αA_α(x, θ).

Since d = 10 super–Yang-Mills dimensionally reduces to N = 4 d = 4 super–Yang- Mills (which has the same spectrum as N = 4 self-dual super–Yang-Mills), it is natural to expect that the open string theory for N = 4 self-dual super–Yang-Mills is related to a dimensional reduction of the d = 10 pure spinor formalism. This relationship can be made more explicit by first decomposing the d = 10 spinors λ^α and θ^α for α = 1 to 16 into the d = 4 SU(4) spinors (λ^{aj} , λ̄^{ȧj̄}) and (θ^{aj} , θ̄^{ȧj̄}) where (a, ȧ) = 1 to 2 and (j, j̄) = 1 to 4. If one then sets^3 λ^{aj} = λ^ac^j , λ̄^{ȧj̄} = 0, (4.10)

the pure spinor constraint is satisfied and the BRST operator of (4.3) becomes Q = ∫ dzλ^{aj} d_{aj} = ∫ dzλ^ac^j ( p_{aj} + θ̄^{ȧj̄} ∂x_{aȧ} + · · · ) , (4.11)

where · · · includes terms quadratic in θ̄^{ȧj̄}. After defining

ψ^ȧ = c^jθ̄^{ȧj̄} (4.12)

3A similar decomposition of pure spinors has recently been used in the interesting paper of [20] to obtain d = 4 harmonic superspaces with N = 2, 3 or 4 supersymmetry.

– 6 – and recognizing that ∂θ^{aj} in the second-order action of (3.5) plays the role of p_{aj} in the first-order action of (4.1), one can reexpress the BRST operator of (4.11) as Q = ∫ dzλ^a ( c^j ∂θ_{aj} + ψ^ȧ∂x_{aȧ} + · · · ) , (4.13)

which closely resembles (3.7). In the same sense that the pure spinor formalism can be understood as covariant quantization of the Green-Schwarz superstring, the self-dual formalism described by (3.7) can be understood as covariant quantization of the self-dual Green-Schwarz superstring proposed by Siegel in [19].

5. Self-dual super–Yang-Mills vertex operators

By analyzing the cohomology of the BRST operator of (3.7), one finds a similar structure to the massless cohomology in the pure spinor formalism. At ghost number one (where the ghost-number charge is defined as ∫ dz(λ^aw_a +ef −gh)), the unique state in the cohomology is described by the unintegrated vertex operator

V = λ^aC^J A_{aJ} (Y ) = λ^a(ψ^ȧA_{aȧ}(x, θ) + c^jA_{aj} (x, θ)) , (5.1)

where A_{aJ} satisfies ∂_{aJ} A_{bK} − (−1)^{s(K)}∂_{bK} A_{aJ} = ϵ_{ab}F_{JK} (5.2)

and s(K) = 1/0 when K is j/ȧ. Although there is no b ghost, one can define the integrated vertex operator by QU = ∂V and one finds that

U = ∂Y^{aJ} A_{aJ} (Y ) + B^J C^K F_{JK} (Y ) . (5.3)

Note the close resemblance of equations (5.1) - (5.3) to equations (4.4) - (4.6) in the pure spinor formalism.

To see that these vertex operators describe self-dual super–Yang-Mills, note that (5.2) is the supersymmetrization of the N = 0 self-dual Yang-Mills relation [∇_{aȧ}, ∇_{bḃ}] = ϵ_{ab}F_{ȧḃ}. In components, A_{aJ} can be gauge-fixed to A_{aȧ} = a_{aȧ} + θ^j_aξ̄_{ȧj} + θ^j_aθ^{bk}∂_{bȧ}ϕ^{lm}ϵ_{jklm} + θ^j_aθ^{bk}θ^{cl}∂_{bȧ}ξ^m_c ϵ_{jklm} + (θ^4)^{bcd}_a ∂_{bȧ}G_{cd} , A_{aj} = (θ^k_a ϕ^{lm} + θ^k_a θ^l_bξ^{bm} + θ^k_a θ^l_bθ^m_c G^{bc})ϵ_{jklm} , (5.4)

where a_{aȧ} is the self-dual gauge field, ξ^{bm} and ξ̄_{ȧj} are the on-shell gluinos, ϕ^{lm} are the six on-shell scalars, and G^{bc} is the anti-self-dual field strength. The N = 4 self-dual super– Yang-Mills action for these component fields is

S = Tr ∫ d^4x [( ∂_{aȧ}a^ȧ_b + ∂_{bȧ}a^ȧ + [a_{aȧ}, a^ȧ_b ] ) G^{ab} + ξ^{bm}∇_{bḃ}ξ̄^ḃ_m + ∇_{aȧ}ϕ^{jk}∇^{aȧ}ϕ^{lm}ϵ_{jklm} ] , (5.5)

where ∇_{aȧ} = ∂_{aȧ} + a_{aȧ}. Note that this action has the same spectrum as ordinary N = 4 super–Yang-Mills but has different interactions [16].

Unlike the pure spinor formalism, there are no massive states in the cohomology of Q of (3.7). As in the N = 0 self-dual string, this is because the constraints C^J ∂Y_{aJ} in the

– 7 –

BRST operator imply that all states in the cohomology are independent of the nonzero worldsheet modes of Y_{aJ} and (C^J , B_J ). Furthermore, states are independent of nonzero modes of (λ^a, w_a, e, f, g, h) because of the terms fλ^a∂λ_a and h(−λ^aw_a + C^J B_J + 2ef) in Q. The absence of physical massive states will be verified below by showing there are no massive poles in the scattering amplitudes.

6. Self-dual super–Yang-Mills tree amplitudes

To compute N-point tree amplitudes in this formalism, one uses the same prescription as before that A = ⟨V_1(z_1)V_2(z_2)V_3(z_3) ∫ dz_4U_4(z_4) · · · ∫ dz_N U_N (z_N )⟩ . (6.1)

Since the unique state at ghost-number three in the cohomology is

λ^aλ^bλ^cψ^ȧψ_ȧθ^j_aθ^k_b θ^l_cc^mϵ_{jklm} , (6.2)

one should define normalization of the zero modes by

⟨λ^aλ^bλ^cψ^ȧψ_ȧθ^j_aθ^k_b θ^l_cc^mϵ_{jklm}⟩ = 1 . (6.3)

Although this normalization appears strange, it is obtained from the d = 10 normalization ⟨(λγ^mθ)(λγ^nθ)(λγ^pθ)(θγ_{mnp}θ)⟩ = 1 by performing the dimensional reduction of (4.10) and (4.12) where one sets λ^{aj} = λ^ac^j , λ̄^{ȧj̄} = 0, and ψ^ȧ = c^jθ̄^{ȧj̄} .

One can easily check that this tree amplitude prescription reproduces the desired selfdual super–Yang-Mills amplitudes, which vanish unless the external momenta are chosen to lie in the same “self-dual plane”. To see this, note that when the self-dual gauge superfield A_{aJ} (Y ) is onshell, it can be expressed as

A_{aȧ}(Y ) = ∫ d^4κ π̄_ȧe^{iπb(π̄ḃxbḃ+κj θbj )}Φ_a(π, π̄, κ) , A_{aj} (Y ) = ∫ d^4κ κ_j e^{iπb(π̄ḃxbḃ+κj θbj )}Φ_a(π, π̄, κ) , (6.4) where Φ_a(π, π̄, κ) is unconstrained, p_{aȧ} = π_aπ̄_ȧ is the momentum, and κ_j is the fermionic conjugate momentum to π^aθ_{aj} . These superfields can be expressed in OSp(4|2)-covariant notation as A_{aJ} (Y ) = ∫ d^4κ Π̄_J e^{iπbΠ̄J YbJ} Φ_a(π, Π̄) , (6.5)

where Π̄^ȧ = π̄^ȧ and Π̄^j = κ^j . Since ∂_{aJ} A_{bK} = i ∫ d^4κ π_aΠ̄_JΠ̄_K e^{iπcΠ̄LYcL} Φ_b(π, Π̄) ,

A_{aJ} of (6.5) satisfies (5.2) where F_{JK} = i ∫ d^4κ Π̄_JΠ̄_K e^{iπcΠ̄LYcL} π^aΦ_a(π, Π̄) .

– 8 –

So the onshell unintegrated vertex operator is

V = λ^aC^J A_{aJ} (Y ) = ∫ d^4κ(C^JΠ̄_J )(λ^aΦ_a(π, Π̄)) exp(iπ^bΠ̄^J Y_{bJ} ) . (6.6)

To show that scattering amplitudes of these vertex operators satisfy the integrability properties of self-dual Yang-Mills, note that Q(e^{iπbΠ̄J YbJ} ) = i(λ^aπ_a)(C^J Π̄^J )(e^{iπbΠ̄J YbJ} ) where Q = ∫ dz(λ^aC^J ∂Y_{aJ} + · · ·). So V can formally be written as

V = Q[(λ^aπ_a)^{−1}Ω] (6.7)

where Ω = −i ∫ d^4κ(λ^aΦ_a(π, Π̄)) exp(iπ^bΠ̄^J Y_{bJ} ) .

Since (λ^aπ_a)^{−1} has singularities when λ^a is proportional to π^a, (λ^aπ_a)^{−1} is not globally defined and V is not BRST-trivial. However, the product of two onshell vertex operators can be expressed either as

V_1V_2 = Q[(λ^aπ_{1a})^{−1}Ω_1V_2] or V_1V_2 = Q[(λ^aπ_{2a})^{−1}V_1Ω_2] . (6.8)

As long as π_{1a}π^a_2 is nonzero, either (λ^aπ_{1a})^{−1} or (λ^aπ_{2a})^{−1} is nonsingular. So whenever π_{1a}π^a_2 is nonzero, V_1V_2 is BRST-trivial. This implies that N-point tree amplitudes vanish unless π^a_r π_{sa} = 0 for all 1 ≤ r, s ≤ N, i.e. unless all external momenta are in the same “self-dual plane”. This is consistent with the absence of massive states in the spectrum since π^a_r π_{sa} = 0 implies that all intermediate states are massless.

Unlike amplitudes computed using the N = 0 version of the self-dual string, the amplitudes computed using this N = 4 formalism are manifestly Lorentz covariant. This does not cause contradictions for loop amplitudes since all N = 4 self-dual loop amplitudes are vanishing [16]. Furthermore, one can check that if one computes the field theory action

S = ⟨V QV + V^3⟩ (6.9)

using the normalization of (6.3) and the string field V = λ^aC^J A_{aJ} (Y ), one reproduces the self-dual super–Yang-Mills action of (5.5).

7. Conclusions and speculations

In these proceedings, an open string theory for N = 4 d = 4 self-dual super–Yang-Mills was constructed which is related to the d = 10 pure spinor formalism of the superstring. Since the coupling constant of self-dual (super)-Yang-Mills can be eliminated by scaling G^{ab} and a_{aȧ} of (5.5) in opposite directions, self-dual (super) Yang-Mills is essentially a free theory. However, one can obtain the full (super) Yang-Mills action from the self-dual (super) Yang-Mills action of (5.5) by adding the perturbation term

S_{pert} = g_{YM} ∫ d^4xG^{ab}G_{ab} (+supersymmetric terms) (7.1)

– 9 – where g_{YM} is the Yang-Mills coupling constant and G^{ab} is the anti-self-dual field strength of (5.4). It is therefore important to understand the perturbation of (7.1) which turns self-dual (super) Yang-Mills into ordinary (super) Yang-Mills.^4

Recently, it has been understood how to describe this perturbation using string theories in twistor space [9]. It would therefore be very interesting to relate these string theories in twistor space with the string theory in (x, θ) space which has been described here. Such a relationship would not be surprising since the pure spinor formalism for the superstring is closely related to theories in ten-dimensional twistor space [21]. Furthermore, equations (6.4)–(6.8) for vertex operators and scattering amplitudes in this string theory resemble twistor constructions involving the Penrose twistor-transform.

Acknowledgments

I would especially like to thank Edward Witten for many useful ideas and comments and for his collaboration during various stages of this project. I would also like to thank Rajesh Gopakumar, Warren Siegel and Cumrun Vafa for useful discussions, CNPq grant 300256/94-9, Pronex grant 66.2002/1998-9, and FAPESP grant 99/12763-0 for partial financial support, the Institute for Advanced Study for their hospitality, and the organizers of Strings 2003 for their excellent work.

References

[1] N. Berkovits, Super-Poincaré covariant quantization of the superstring, J. High Energy Phys.

04 (2000) 018 [hep-th/0001035]; ICTP lectures on covariant quantization of the superstring,

hep-th/0209059.

[2] N. Berkovits and O. Chandía, Superstring vertex operators in an AdS_5 × S^5 background, Nucl. Phys. B 596 (2001) 185 [hep-th/0009168];

B.C. Vallilo, One loop conformal invariance of the superstring in an AdS_5 × S^5 background, J. High Energy Phys. 12 (2002) 042 [hep-th/0210064].

[3] R.R. Metsaev and A.A. Tseytlin, Type IIB superstring action in AdS_5 × S^5 background, Nucl. Phys. B 533 (1998) 109 [hep-th/9805028].

[4] R.R. Metsaev, C.B. Thorn and A.A. Tseytlin, Light-cone superstring in AdS space-time, Nucl. Phys. B 596 (2001) 151 [hep-th/0009171].

[5] J.M. Maldacena, The large-N limit of superconformal field theories and supergravity, Adv.

Theor. Math. Phys. 2 (1998) 231 [hep-th/9711200].

4At the Strings 2003 talk [8], it was speculated that this perturbation might be related to deforming the R^4 background to an AdS4 background. In an AdS4 background, the SL(2, R) and OSp(4|2) rotations of YaJ combine with the R^{4|8} translations of YaJ to form a supergroup OSp(4|4). Since the OSp(4|4) supergroup treats chiral and antichiral spinor indices in a symmetric manner, it was hoped that the string theory in this AdS4 background might describe the full N = 4 super–Yang-Mills theory. However, there is a simple argument which makes this speculation unlikely. If one performs an O(4) R-symmetry transformation which is not in the SO(4) subgroup of OSp(4|2), the self-dual super–Yang-Mills action of (5.5) transforms with opposite sign from the gYM ∫ d^4xG^{ab}G_{ab} perturbation term. But since the term in the worldsheet action which deforms R^4 to AdS4 is invariant under these O(4) transformations, it cannot be responsible for this change in sign.

– 10 –

[6] B.C. Vallilo, Flat currents in the classical AdS_5 × S^5 pure spinor superstring, J. High Energy Phys. 03 (2004) 037 [hep-th/0307018];

I. Bena, J. Polchinski and R. Roiban, Hidden symmetries of the AdS_5 × S^5 superstring, Phys. Rev. D 69 (2004) 046002 [hep-th/0305116].

[7] R. Gopakumar and C. Vafa, On the gauge theory/geometry correspondence, Adv. Theor.

Math. Phys. 3 (1999) 1415 [hep-th/9811131].

[8] N. Berkovits, N = 4 (self-dual) Yang-Mills as a string theory, Strings 2003 conference, Kyoto, July 2003, http://www2.yukawa.kyoto-u.ac.jp/~str2003/talks/berkovits.pdf.

[9] E. Witten, Perturbative gauge theory as a string theory in twistor space, hep-th/0312171;

N. Berkovits, An alternative string theory in twistor space for N = 4 super-Yang-Mills,

hep-th/0402045;

A. Neitzke and C. Vafa, N = 2 strings and the twistorial Calabi-Yau, hep-th/0402128.

[10] M. Ademollo, L. Brink. A. D’Adda, R. D’Auria, E. Napolitano, S. Sciuto, E. Del Giudice, P. DiVecchia, S. Ferrara, F. Gliozzi, R. Musto, R. Pettorino and J.H. Schwarz, Dual string with U(1) color symmetry, Nucl. Phys. B 111 (1976) 77.

[11] H. Ooguri and C. Vafa, Selfduality and N = 2 string magic, Mod. Phys. Lett. A 5 (1990) 1389; Geometry of N = 2 strings, Nucl. Phys. B 361 (1991) 469; N = 2 heterotic strings, Nucl. Phys. B 367 (1991) 83.

[12] A. D’Adda and F. Lizzi, Space dimensions from supersymmetry for the N = 2 spinning string: a four-dimensional model, Phys. Lett. B 191 (1987) 85.

[13] N. Marcus, The N = 2 open string, Nucl. Phys. B 387 (1992) 263 [hep-th/9207024]; A tour through N = 2 strings, hep-th/9211059.

[14] W. Siegel, The N = 4 string is the same as the N = 2 string, Phys. Rev. Lett. 69 (1992) 1493 [hep-th/9204005].

[15] N. Berkovits and C. Vafa, N = 4 topological strings, Nucl. Phys. B 433 (1995) 123 [hep-th/9407190].

[16] W. Siegel, The N = 2(4) string is selfdual N = 4 Yang-Mills, hep-th/9205075.

[17] G. Chalmers and W. Siegel, Global conformal anomaly in N = 2 string, Phys. Rev. D 64 (2001) 026001 [hep-th/0010238].

[18] A. Galajinsky and O. Lechtenfeld, Towards a stringy extension of self-dual super Yang-Mills, Phys. Lett. B 460 (1999) 288 [hep-th/9903149];

S. Bellucci and A. Galajinsky, Restoring Lorentz invariance in classical N = 2 string, Nucl. Phys. B 606 (2001) 119 [hep-th/0104003];

S. Bellucci, A. Galajinsky and O. Lechtenfeld, A heterotic N = 2 string with space-time supersymmetry, Nucl. Phys. B 609 (2001) 410 [hep-th/0103049];

J. Bischoff, S.V. Ketov and O. Lechtenfeld, The GSO projection, brst cohomology and picture changing in N = 2 string theory, Nucl. Phys. B 438 (1995) 373 [hep-th/9406101]; Z. Khviengia, H. Lu, C.N. Pope, E. Sezgin, X.J. Wang and K.W. Xu, N = 1 superstring in (2+2)-dimensions, Nucl. Phys. B 444 (1995) 468 [hep-th/9504121];

H. Lu, C.N. Pope and E. Sezgin, A search for new (2,2) strings, Class. and Quant. Grav. 12 (1995) 1913 [hep-th/9504122];

J. de Boer and K. Skenderis, Self-dual supergravity from N = 2 strings, Nucl. Phys. B 500 (1997) 192 [hep-th/9704040].

– 11 –

[19] W. Siegel, Green-Schwarz formulation of selfdual superstring, Phys. Rev. D 47 (1993) 2512 [hep-th/9210008].

[20] P.A. Grassi and P. van Nieuwenhuizen, Harmonic superspaces from superstrings,

hep-th/0402189.

[21] E. Witten, Twistor-like transform in ten-dimensions, Nucl. Phys. B 266 (1986) 245;

D.P. Sorokin, V.I. Tkach, D.V. Volkov and A.A. Zheltukhin, From the superparticle siegel symmetry to the spinning particle proper time supersymmetry, Phys. Lett. B 216 (1989) 302; N. Berkovits, Covariant quantization of the Green-Schwarz superstring in a Calabi-Yau background, Nucl. Phys. B 431 (1994) 258 [hep-th/9404162];

P.S. Howe, Pure spinors lines in superspace and ten-dimensional supersymmetric theories, Phys. Lett. B 258 (1991) 141;

M. Matone, L. Mazzucato, I. Oda, D. Sorokin and M. Tonin, The superembedding origin of the Berkovits pure spinor covariant quantization of superstrings, Nucl. Phys. B 639 (2002) 182 [hep-th/0206104].

– 12 –